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Abstract
The chaotic dynamics of fractional (non-integer) order systems have begun to attract much attention
in recent years. In this paper, we study the projective synchronization in two coupled fractional order
chaotic oscillators. It is shown that projective synchronization can also exist in coupled fractional order
chaotic systems. A simple feedback control method for controlling the scaling factor onto a desired value
is also presented.
PACS. 05.45.Xt- Synchronization; coupled oscillators.
Although fractional calculus has a mathematical history nearly as long as that of the integer-order calculus,
the applications of it to physics and engineering are just a recent focus of interest [1, 2]. Many systems are
known to display fractional order dynamics, such as viscoelastic systems [3-5], dielectric polarization [6],
electrode-electrolyte polarization [7] and electromagnetic waves [8], so it is important to study the properties
of fractional order systems. The dynamics of fractional order systems has not yet been fully studied, and it is
by no mean trivial. The definitions of fractional order calculus are geometrically and physically less intuitive
than the integer-order ones, and can’t be simulated directly in time-domain. It is still unclear whether the
dynamics of fractional order systems is similar to the integer-order ones. More recently, many authors have
begun to investigate the chaotic dynamics of fractional order dynamical systems [9-17]. In [9], it was shown
that the fractional order Chua’s system of order as low as 2.7 can produce a chaotic attractor. In [10], it was
shown that nonautonomous Duffing systems of order less than 2 can still behave in a chaotic manner. In [11],
chaotic behaviors of the fractional order “jerk” model was studied, in which chaotic attractor was obtained
with system orders as low as 2.1, and in [12] the control of this fractional order chaotic system was reported.
In [13], chaotic behavior of the fractional order Lorenz system was studied, but unfortunately, the results
presented in this paper are not correct. In [14] and [15], bifurcation and chaotic dynamics of the fractional
order cellular neural networks were studied. In [16], chaos and hyperchaos in the fractional order Ro¨ssler
equations were studied, in which we showed that chaos can exist in the fractional order Ro¨ssler equation with
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order as low as 2.4, and hyperchaos can exist in the fractional order Ro¨ssler hyperchaos equation with order
as low as 3.8. In [17], we studied the chaotic behavior and its control in the fractional order Chen system.
In [18], the author presents a broad review of existing models of fractional kinetics and their connection to
dynamical models, phase space topology, and other characteristics of chaos.
On the other hand, synchronization of chaotic systems has attracted much attentions [19] since the seminal
paper by Pecora and Carroll [20]. Besides the identical (complete) synchronization of chaotic systems, some
other types of synchronization are also very interesting cooperative behaviors of chaotic systems, among
which are the phase synchronization [21], lag synchronization [22] and projective synchronization [23] of
chaotic oscillators.
In [24], we have studied the synchronization of fractional order chaotic systems. And since then, the
synchronization of fractional order chaotic systems has begun to attract attentions of some researchers, see
for example [25]. But, in the literature, the authors are all concerned with the identical synchronization of
fractional order chaotic systems. In [26], we studied the phase and lag synchronization of coupled fractional
order chaotic oscillators. However, to our knowledge, projective synchronization in fractional order chaotic
systems has not been discussed yet. In this paper, we address this topic.
Projective synchronization is the dynamical behavior in which the response of two identical systems
synchronize up to a constant scaling factor. This phenomenon was observed in the coupled integer-order
partially linear systems
u˙m = M(z) · um,
z˙ = f(um, z),
u˙s = M(z) · us
(1)
where the matrixM(z) is only dependent on z, um and us are the master and slave state vectors, respectively.
A partially linear system is a set of ordinary differential equations, whose state vector can be divided into
two parts (u, z) in such a way. The two partially linear systems are coupled through z: the z in the slave
system will be the z of the master system. The above coupled system is said to be projective synchronous
if for an initial condition there is a constant β such that asymptotically in time
‖βum − us‖ → 0. (2)
In this paper, we study the projective synchronization in coupled fractional order partially linear chaotic
systems of the form
dαum
dtα
= M(z) · um,
dαz
dtα
= f(um, z),
dαus
dtα
= M(z) · us
(3)
where α is the fractional order.
In the literature, there are several different definitions of fractional derivatives, see e.g. [1]. Perhaps the
best known one is the Riemann-Liouville definition:
dαf(t)
dtα
=
1
Γ(n− α)
dn
dtn
∫ t
0
f(τ)
(t− τ)α−n+1
dτ, (4)
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where Γ(·) is the gamma function and n − 1 ≤ α < n. The geometric and physical interpretation of
the fractional derivatives were given in [27]. Upon considering the initial values to be zero, the Laplace
transform of the Riemann-Liouville fractional derivative is L
{
dαf(t)
dtα
}
(s) = sαL{f(t)}. So, the fractional
integral operator of order “α” can be represented by the transfer function F (s) = 1
sα
.
According to the standard definition of the fractional differintegral, we can’t directly implement the
fractional operators in time-domain simulations. An efficient method to circumvent this problem is to
approximate (in the frequency domain) the fractional operators by using the standard integer order operators.
In the following simulations, we will use the approximation method proposed in [28], which was also adopted
in [9, 11, 12, 14, 15, 16, 17]. In Table 1 of [9], the authors presented the approximations for 1/sq with
q = 0.1 − 0.9 in steps 0.1 with errors of approximately 2dB. We will use these approximations in our
following simulations.
An often studied example of the partially linear chaotic system in projective synchronization in the integer-
order case is the Lorenz system, but, unfortunately the results about the fractional order Lorenz system is
not correct [13], so we cannot use this system as the example of fractional order partially linear chaotic
system in our study. Here we use the fractional order Chen system [17],
dαx
dtα
= a(y − x),
dαy
dtα
= (c− a)x− xz + cy,
dαz
dtα
= xy − bz
(5)
which is partially linear with u = (x, y) and
M(z) =

 −a a
c− a− z c

 .
Considering current knowledge on fractional order systems, it is difficult, if not impossible, to analyze
projective synchronization in fractional order systems theoretically. We numerically study this topic here.
We consider a coupled Chen system with the fractional order α = 0.9 in Eq. (3). We let the parameters
(a, b, c) = (35, 3, 28) in Eq. (5), so that the fractional order Chen system is chaotic [17]. The initial values
for the state variables are some random values close to the origin. The two chaotic oscillators can always
achieve projective synchronization in our simulations by using the method mentioned above. The dynamical
behaviors of the master and slave systems in a simulation are shown in Fig. 1. In this figure, the initial
values of the coupled system are (xm, ym, z, xs, ys) = (0.0440, 0.0701, 0.0610, 0.0300, 0.0856). In Fig. 1 (a),
we show the time evolution of the scaling factor xs/xm, which indicates that the scaling factor converges to
a constant value. In Fig. 1 (b), we show the projections of the master system and the slave system onto the
x − y plane. As we see that the two attractors are the same in structure but different in size, which also
clearly indicates the projective synchronization of the coupled fractional order system.
Because the scaling factor in projective synchronization is dependent on the initial condition and unpre-
dictable, in [29, 30] the authors proposed some control methods for controlling the scaling factor β onto
a desired value β∗. In this paper, we also present a simple feedback control mechanism for the coupled
fractional order system. We introduce a controller to the slave system, and the coupled system now becomes
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Figure 1: (a) Time evolution of the scaling factor xs/xm. (b) The projection of the master and slave system
onto the x− y plane.
dαum
dtα
= M(z) · um,
dαz
dtα
= f(um, z),
dαus
dtα
= M(z) · us + k(β
∗
um − us)
(6)
where k is a positive constant and β∗ is the desired scaling factor. The control mechanism is standard in
integer-order systems (see e.g. [31]), and can be easily understood. If any component of us is larger than
the corresponding component of β∗um, then the corresponding component of k(β
∗
um−us) will be negative
and the rate of that component of us will be decreased, thus us/um will also be decreased, and vice versa.
So eventually the scaling factor should asymptotically converge to β∗.
We let k = 0.1, and apply the control mechanism to the coupled system. The desired scaling factor β∗
can be reached for any reasonable positive and negative values with any random initial conditions. In Fig.
2 (a) and (b), we show the projections of the master and slave systems onto the x− y plane for β∗ = 5 and
−3, respectively. As we see that the two attractors in each panel of this figure are the same in structure
but different in size (and direction). The size of the master system does not change, but the slave system
is amplified. By numerous simulations, we found that, even for a very small k (say k = 0.01), after a long
time, the two oscillators can also be synchronized up to the constant scaling factor β∗.
For other fractional orders and some other parameter values, we also found similar phenomena. We omit
these results here.
In summary, we have studied the projective synchronization in coupled two fractional order chaotic oscil-
lators. It is shown that projective synchronization can also exist in coupled fractional order chaotic systems.
A simple feedback control method is also presented in this paper, which can drive the scaling factor onto a
desired value. Theoretical analysis of various synchronization phenomena, including projective synchroniza-
tion, in fractional order chaotic systems will be the subject of future research.
This work was supported by the National Natural Science Foundation of China under Grant 60502009,
and the Program for New Century Excellent Talents in University of China.
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Figure 2: The projections of the master and slave systems onto the x− y plane for (a) β∗ = 5; (b) β∗ = −3.
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